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We present a family of exact black-hole solutions on a static spherically symmetric background in
second-order generalized Proca theories with derivative vector-field interactions coupled to gravity.
We also derive non-exact solutions in power-law coupling models including vector Galileons and
numerically show the existence of regular black holes with a primary hair associated with the
longitudinal propagation. The intrinsic vector-field derivative interactions generally give rise to
a secondary hair induced by non-trivial field profiles. The deviation from General Relativity is most
significant around the horizon and hence there is a golden opportunity for probing the Proca hair
by the measurements of gravitational waves (GWs) in the regime of strong gravity.
I. INTRODUCTION
The no-hair conjecture of black holes (BHs) [1] was
originally suggested by the existence of uniqueness the-
orems for Schwarzschild, Reissner-Nordstro¨m (RN), and
Kerr solutions in General Relativity (GR) [2–4]. How-
ever, there are several assumptions for proving the ab-
sence of hairs besides mass, charge, and angular momen-
tum in the form of no-hair theorems. One of such as-
sumptions for a scalar field φ is that the standard canon-
ical term ∇µφ∇µφ/2 is the only field derivative in the
action [5]. Hence, the no-hair theorem of Ref. [5] loses
its validity for theories containing non-canonical kinetic
terms.
There are theories with non-canonical scalars with non-
linear derivative interactions-like Galileons [6, 7] and its
extension to Horndeski theories [8, 9]. In shift-symmetric
Horndeski theories, a no-hair theorem for static and
spherically symmetric BHs was proposed [10] by uti-
lizing the regularity of a Noether current on the hori-
zon. A counterexample of a hairy BH evading one of the
conditions discussed in Ref. [10] was advocated for the
scalar field linearly coupled to a Gauss-Bonnet term [11].
For a time-dependent scalar with non-mininal derivative
coupling to the Einstein tensor, there is also a stealth
Schwarzschild solution with a non-trivial field profile [12].
For a massless vector field in GR, the static and spheri-
cally symmetric BH solution is described by the RN met-
ric with mass M and charge Q. The introduction of a
vector-field mass breaks the U(1) gauge symmetry, which
allows the propagation of the longitudinal mode. For this
massive Proca field, Bekenstein showed [13] that a static
BH does not have a vector hair. The vector field Aµ van-
ishes throughout the BH exterior from the requirement
that a physical scalar constructed from Aµ is bounded
on a non-singular horizon. In this case, the static and
spherically symmetric BH solution is described by the
Schwarzschild metric with mass M .
The Bekenstein’s no hair theorem [13] cannot be ap-
plied to the massive vector field with non-linear deriva-
tive interactions. In Refs. [14–17] the action of general-
ized Proca theories was constructed by demanding the
condition that the equations of motion are up to second
order to avoid the Ostrogradski instability. An exact
static and spherically symmetric BH solution with the
Abelian vector hair1 was found in Ref. [20] for the La-
grangian L = (M2pl/2)R−FµνFµν/4+ β4GµνAµAν with
the specific coupling β4 = 1/4, where Mpl is the reduced
Planck mass, R and Gµν are the Ricci scalar and Einstein
tensor respectively, and Fµν = Aν;µ −Aµ;ν (a semicolon
represents a covariant derivative) is the field strength.
This is a stealth Schwarzschild solution containing mass
M alone with a temporal vector componentA0 = P+Q/r
and a non-vanishing longitudinal component A1, where
r is the distance from the center of spherical symmetry.
Unlike the RN solution present for the massless vector in
GR, the Proca hair P is physical but P as well as the
electric charge Q does not appear in metrics.
The exact BH solutions studied in Ref. [20] have been
extended to non-asymptotically flat solutions [21, 22], ro-
tating solutions [21], and solutions for β4 6= 1/4 [22, 23].
All these studies considered only the β4G
µνAµAν cou-
pling. It is crucial to investigate whether the self-
derivative interactions of generalized Proca theories give
rise to compelling new hairy BH solutions. In this paper
we provide a systematic prescription for constructing new
BH solutions in generalized Proca theories on the static
and spherically symmetric background given by the line
element
ds2 = −f(r)dt2 + h−1(r)dr2 + r2 (dθ2 + sin2 θ dϕ2) ,
(1.1)
1 In this paper we focus on the Abelian vector field, but there
are hairy BH solutions for non-Abelian Yang-Mills fields [18].
A complex Abelian vector field can also give rise to hairy Kerr
solutions [19].
2with the vector field Aµ = (A0(r), A1(r), 0, 0), where
f(r), h(r), A0(r), and A1(r) are arbitrary functions of
r. We will derive exact solutions under the condition
of a constant norm of the vector field AµA
µ = constant.
We also numerically obtain hairy BH solutions for power-
law coupling models including vector Galileons. Unlike
scalar-tensor theories in which hairy BH solutions exist
only for restrictive cases, we will show that the presence
of a temporal vector component besides a longitudinal
scalar mode gives rise to a bunch of hairy BH solutions
in broad classes of models.
The generalized Proca theories are given by the action
S =
∫
d4x
√−g
(
F +
6∑
i=2
Li
)
, (1.2)
where F = −FµνFµν/4, and [14, 17]
L2 = G2(X) , L3 = G3(X)Aµ;µ ,
L4 = G4(X)R+G4,X
[
(Aµ;µ)
2 −Aν ;µAµ;ν
]− 2g4(X)F ,
L5 = G5(X)GµνAν ;µ − G5,X
6
[(Aµ;µ)
3 − 3Aµ;µAσ ;ρAρ;σ
+ 2Aσ;ρA
ρ;νAν
;σ]− g5(X)F˜αµF˜ βµAβ;α ,
L6 = G6(X)LµναβAν;µAβ;α + G6,X
2
F˜αβF˜µνAµ;αAν;β .(1.3)
The functions G2,3,4,5,6 and g4,5 depend on X =
−AµAµ/2, with the notation Gi,X = ∂Gi/∂X . The vec-
tor field Aµ has non-minimal couplings with the Ricci
scalar R, the Einstein tensor Gµν , and the double dual
Riemann tensor Lµναβ = EµνρσEαβγδRρσγδ/4, where
Eµνρσ is the Levi-Civita tensor and Rρσγδ is the Rie-
mann tensor. The dual strength tensor F˜µν is defined
by F˜µν = EµναβFαβ/2. The Lagrangians containing
g4, g5, G6 correspond to intrinsic vector modes that van-
ish in the scalar limit Aµ → pi;µ. Throughout the analysis
we take into account the Einstein-Hilbert term M2pl/2 in
G4(X).
II. EXACT SOLUTIONS
The exact solution of Ref. [20] was found for the model
G4(X) = M
2
pl/2 + β4X with β4 = 1/4. For this solution
there are two relations
f = h , X = Xc , (2.1)
where Xc is a constant. On using these conditions for
the vector field Aµ, it follows that
A1 = ±
√
A20 − 2fXc/f . (2.2)
Introducing the tortoise coordinate dr∗ = dr/f(r), the
scalar product Aµdx
µ reduces to A0du± around the hori-
zon, where u± = t ± r∗. The advanced and retarded
null coordinates u+ and u− are regular at the future and
past event horizons, respectively. Hence the regularity of
solutions at the corresponding (future or past) horizon
is ensured for each branch of (2.2), which is analogous
to the case of shift-symmetric scalar-tensor theories [12].
We will search for exact solutions by imposing the two
conditions (2.1).
Provided the condition G4,XX(Xc) = 0 is satisfied for
the quartic-order couplingG4(X), the equation of motion
for A1 reduces to G4,X(rf
′ + f − 1)A1 = 0, where a
prime represents the derivative with respect to r. As
long as G4,X 6= 0, there are two branches characterized
by rf ′ + f − 1 = 0 or A1 = 0. The first gives rise to the
stealth Schwarzschild solution f = h = 1 − 2M/r found
in Ref. [20]. In this case the temporal vector component
obeys A′′0 +2A
′
0/r = 0, whose integrated solution is given
by A0 = P+Q/r. Since the constant P is independent of
M and Q, it is regarded as a primary hair [24]. The other
two independent equations are satisfied for G4,X(Xc) =
1/4 and Xc = P
2/2, so the longitudinal mode (2.2) reads
A1 = ±
√
2P (MP +Q)r +Q2/(r − 2M). A concrete
model satisfying the above mentioned conditions is
G4(X) = G4(Xc) +
1
4
(X −Xc) +
∑
n=3
bn (X −Xc)n ,
(2.3)
where bn’s are constants. The model G4(X) = M
2
pl/2 +
X/4 corresponds to the special case of Eq. (2.3).
Besides the non-vanishing A1 solution there exists an-
other branch A1 = 0 for the couplings Gi(X) with even
i-index, in which case the relation A20(r) = 2f(r)Xc
holds from Eq. (2.2). For the quartic coupling G4(X)
the equation for A0 can be satisfied under the conditions
G4,X(Xc) = 0 and 2rff
′′ − rf ′2 + 4ff ′ = 0. The latter
leads to the solution f = (C − M/r)2 with two inte-
grated constants C and M . For the consistency with the
other two equations of motion, we require that C = 1
and G4(Xc) = Xc/2. Hence we obtain the extremal RN
BH solution
f = h =
(
1− M
r
)2
, A0 = P−PM
r
, A1 = 0, (2.4)
where P = ±√2Xc. An explicit model realizing this
solution is
G4(X) =
Xc
2
+
∑
n=2
bn (X −Xc)n . (2.5)
For the metric (2.4), P depends on M by reflecting the
fact that the chargeQ = −PM has a special relation with
the mass M . Hence the Proca hair is of the secondary
type.
For the cubic couplingG3(X) the equation for A1 reads
G3,X
[
f2(rf ′ + 4f)A21 + rA0(2fA
′
0 − f ′A0)
]
= 0 , (2.6)
so there are two branches satisfying (i) G3,X(Xc) =
0 or (ii) G3,X(Xc) 6= 0. For the branch (i) the
consistency with the other equations requires that
32 (rf ′ + f − 1)M2pl + r2A′20 = 0 and A′′0 + 2A′0/r = 0,
so the integrated solutions are of the RN forms:
f = h = 1− 2M
r
+
Q2
2M2plr
2
, A0 = P +
Q
r
, (2.7)
with the non-vanishing longitudinal mode (2.2). This
exact solution can be realized by the model
G3(X) = G3(Xc) +
∑
n=2
bn (X −Xc)n . (2.8)
Unlike the RN solution in GR with G3(X) = 0, P in
Eq. (2.7) has the meaning of the primary hair with the
non-vanishing longitudinal mode (2.2). The branch (ii)
corresponds to the case in which the terms in the square
bracket of Eq. (2.6) vanishes. On using Eq. (2.2) and
imposing the asymptotically flat boundary condition f →
1 for r → ∞, we obtain the extremal RN BH solution
(2.4) with P = ±√2Mpl.
For the quintic coupling G5(X) the temporal compo-
nent obeys A′′0 + 2A
′
0/r = 0 under the conditions (2.1),
so the resulting solution is A0 = P + Q/r. Imposing
the condition G5,X(Xc) = 0 further, the equation for
A1 reduces to (A0A
′
0 − Xcf ′)A21G5,XX = 0 and hence
there are two branches satisfying (i) A0A
′
0 = Xcf
′ or (ii)
A1 = 0. For the branch (i), the resulting solutions are
given by the RN solutions (2.7) with the particular rela-
tions P = −2MM2pl/Q and Xc = M2pl. The longitudinal
mode (2.2) reduces to
A1 = ±
2M3pl
√
2(2M2M2pl −Q2) r2
Q[2M2plr(2M − r)−Q2]
, (2.9)
whose existence requires the condition 2M2M2pl > Q
2.
Since P depends on M and Q, the Proca hair P is sec-
ondary. This exact solution can be realized by the model
G5(X) = G5(Xc) +
∑
n=2
bn
(
X −M2pl
)n
. (2.10)
Another branch A1 = 0 is the special case of Eq. (2.9),
i.e., Q2 = 2M2M2pl, under which the solution is given by
the extremal RN BH solution (2.4) with P = ±√2Mpl.
The sixth-order coupling G6(X) has the two branches
(i) A1 = 0 or (ii) A
′
0 = 0. For the branch (i) there exists
an exact solution if the two conditions G6(Xc) = 0 and
G6,X(Xc) = 0 hold. This is the extremal RN BH solution
(2.4) with Xc = M
2
pl and P = ±
√
2Mpl, which can be
realized for the model
G6(X) =
∑
n=2
bn
(
X −M2pl
)n
. (2.11)
The branch (ii) corresponds to A0 = constant, in which
case we obtain the stealth Schwarzschild solution f =
h = 1 − 2M/r. This exists for general couplings G6(X)
with arbitrary values of A1. Since we are now imposing
the second condition of Eq. (2.1), the longitudinal mode
is fixed to be A1 = ±
√
r[(A20 − 2Xc)r + 4MXc]/(r −
2M).
III. POWER-LAW COUPLINGS
So far we have imposed the conditions (2.1) to derive
exact solutions, but we will also study BH solutions for
the power-law models
Gi(X) = β˜iX
n , gj(X) = γ˜jX
n , (3.1)
where n is a positive integer, and β˜i and γ˜j are coupling
constants2 with i = 3, 4, 5, 6 and j = 4, 5.
Let us begin with the cubic vector-Galileon interaction
G3(X) = β3X . Then, the longitudinal mode obeys
A1 = ±
√
rA0(f ′A0 − 2fA′0)
fh(rf ′ + 4f)
. (3.2)
Around the horizon characterized by the radius rh, we
expand f, h,A0 in the forms
f =
∞∑
i=1
fi(r − rh)i , h =
∞∑
i=1
hi(r − rh)i ,
A0 = a0 +
∞∑
i=1
ai(r − rh)i , (3.3)
where fi, hi, a0, ai are constants. To recover the RN solu-
tions of the form f = h = (r−rh)(r−µrh)/r2 in the limit
β3 → 0, where the constant µ is in the range 0 < µ < 1 so
that r = rh corresponds to the outer horizon, we choose
f1 = h1 = (1− µ)/rh . (3.4)
Taking the positive branch of A1 with a0 > 0 and picking
up linear-order terms in β3, the effect of the coupling β3
starts to appear at second order of (r − rh)i, such that
a1 =
Mpl
√
2µ
rh
, a2 = −Mpl
√
2µ
r2h
+ α2β3 ,
f2 =
2µ− 1
r2h
+ F2β3 , h2 = 2µ− 1
r2h
+H2β3 , (3.5)
where α2,F2,H2 depend on the three parameters
(h1, rh, a0). The coupling β3 induces the difference be-
tween the metrics f and h. The leading-order longitudi-
nal mode around r = rh is given by A1 = a0/[f1(r− rh)],
so the scalar product Aµdx
µ becomes Aµdx
µ ≃ a0du+,
which is regular at the future horizon r = rh.
We also search for asymptotic flat solutions at spatial
infinity (r →∞) by expanding f, h,A0 in the forms
f = 1 +
∞∑
i=1
f˜i
ri
, h = 1 +
∞∑
i=1
h˜i
ri
, A0 = P +
∞∑
i=1
a˜i
ri
.
(3.6)
2 For the dimensionless coupling constants, we use the notations
βi and γj in the following.
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FIG. 1. Numerical solutions of f, h, A0, A1, h− f outside the
horizon for the cubic vector-Galileon model G3(X) = β3X
with β3 = 10
−3/(rhMpl). The boundary conditions around
the horizon are chosen to satisfy Eqs. (3.3)-(3.5) with µ = 0.1
and a0 = 0.6Mpl at r = 1.001rh.
For the cubic Galileon, the asymptotic solution for A1
reduces to A1 =
∑∞
i=2 b˜i/r
i, where the first-order co-
efficient b˜1 vanishes from the background equations of
motion. The iterative solutions are given by f = 1 −
2M/r − P 2M3/(6M2plr3) + O(1/r4), h = 1 − 2M/r −
P 2M2/(2M2plr
2)−P 2M3/(2M2plr3)+O(1/r4), and A0 =
P − PM/r − PM2/(2r2) + O(1/r3), where we have set
f˜1 = h˜1 = −2M . The coefficient b˜2 and the coupling β3
begin to appear at the orders of 1/r4 and 1/r5, respec-
tively, in f, h,A0.
In Fig. 1 we plot one example of numerically integrated
solutions outside the horizon derived by using the bound-
ary conditions (3.3)-(3.5) around r = rh. The solutions
in the two asymptotic regimes smoothly join each other
without any discontinuity. As estimated above, the lon-
gitudinal mode behaves as A1 ∝ (r − rh)−1 for r ≃ rh
and A1 ∝ r−2 for r ≫ rh. Since the time t can be
reparametrized such that f shifts to 1 at spatial infinity,
we have performed this rescaling of f after solving the
equations of motion up to r = 2 × 107rh. In Fig. 1 the
difference between h and f manifests itself in the regime
of strong gravity with the radius r . 100rh.
Since the two asymptotic solutions discussed above are
continuous, the three parameters (b˜2,M, P ) appearing in
the expansion (3.6) with A1 =
∑∞
i=2 b˜i/r
i are related to
the three parameters (h1, rh, a0) arising in the expansion
(3.3), as b˜2 = b˜2(h1, rh, a0), M =M(h1, rh, a0), and P =
P (h1, rh, a0). Since b˜2 is not fixed by the two parameters
M and P alone, this is regarded as a primary hair.
For the cubic interaction G3(X) = β3M
2
pl(X/M
2
pl)
n
with n ≥ 2, there is the non-vanishing A1 branch satis-
fying the relation (3.2). In this case, the property of two
asymptotic solutions (3.3) and (3.6) is similar to that dis-
cussed for n = 1. The solutions are also regular through-
out the BH exterior with the difference between f and h
induced by β3. There is also another branch obeying
A1 = ±
√
A20/(fh) , (3.7)
for which the resulting solutions correspond to the RN
solutions (2.7). Indeed, this exact solution is the special
case of the model (2.8) with Xc = 0 and G3(Xc) = 0.
Let us proceed to the quartic coupling G4(X) =
β4M
2
pl(X/M
2
pl)
n with n ≥ 2. In general, we have two
branches characterized by (i) A1 6= 0 or (ii) A1 = 0. For
n ≥ 3 there exists the non-vanishing A1 branch (3.7)
with the RN solutions (2.7). Another non-vanishing A1
branch gives rise to hairy BH solutions with f 6= h. In-
deed, the solutions around the horizon are given by the
expansion (3.3) with the coupling β4 appearing at sec-
ond order (i = 2) in f, h and at first order (i = 1)
in A0. They are characterized by the three parame-
ters (h1, rh, a0) under the condition (3.4). The solu-
tions expanded at spatial infinity are the RN solutions
(2.7) with corrections induced by β4. If n = 2, for ex-
ample, such corrections to f, h,A0 arise at second or-
der in 1/r2, e.g., δf = 3P 2Q2(5P 2 − 8M2pl)β4/(4M6plr2),
δh = 3P 2Q2(11P 2 − 16M2pl)β4/(4M6plr2), and δA0 =
PQ2(3P 2 − 4M2pl)β4/(M4plr2), respectively. The longi-
tudinal mode behaves as A1 ∝ (r − rh)−1 for r ≃ rh
and A1 ∝ r−1/2 for r ≫ rh. Numerically we confirmed
that the solution around r = rh smoothly connects to
that in the asymptotic regime r ≫ rh, so the parame-
ters (P,Q,M) are related to (h1, rh, a0). Therefore, the
Proca hair P is of the primary type.
For the second branch A1 = 0, the solutions (3.3)
around r = rh are subject to the constraint a0 = 0.
Hence they are expressed in terms of the two parameters
(h1, rh) with the coupling β4 appearing at the order of
(r− rh)3 in f, h,A0 for n = 2. At spatial infinity, the ef-
fect of β4 works as corrections to the RN solutions (2.7).
For n = 2 the leading-order corrections to f, h,A0 are
given, respectively, by δf = −4P 3(MP + Q)β4/(M4plr),
δh = 3P 4Q2β4/(4M
6
plr
2), and δA0 = −P 3Q(2MP +
Q)β4/(2M
4
plr
2). The matching of two asymptotic solu-
tions has been also confirmed numerically, so (P,M,Q)
depend on the two parameters (h1, rh) alone. Hence P
corresponds to the secondary hair.
The sixth-order coupling G6(X) = (β6/M
2
pl)(X/M
2
pl)
n
with the power n ≥ 0 has the branch satisfying A21/A20 =
(3h − 1)/[fh{(2n + 1)h − 1}] besides A′0 = 0, A1 = 0,
and A1 = ±
√
A20/(fh) (the last one is present for
n ≥ 3). However, the first one does not exist in the region
1/(2n+ 1) < h < 1/3 outside the horizon. Since the sec-
ond and fourth branches correspond to the Schwarzschild
5and RN solutions, respectively, the branch A1 = 0 alone
leads to the solutions with f 6= h. The U(1)-invariant in-
teraction derived by Horndeski [25] corresponds to n = 0,
in which case the coupling β6 appears in the expansion
(3.3) around r = rh at second order for f, h and at first
order for A0, with a0 unfixed. For n ≥ 1 the effect of
β6 arises at n + 1 order in Eq. (3.3), with a0 = 0. At
spatial infinity, the leading-order corrections to the RN
solutions (2.7) read δf = −P 2nQ2β6/(21+nM4+2npl r4),
δh = (2n − 1)MP 2nQ2β6/(21+nM4+2npl r5), and δA0 =
−MP 2nQβ6/(2nM2+2npl r4), which match with those de-
rived by Horndeski in the U(1)-invariant case (n = 0)
[26]. For n ≥ 0, the numerically integrated solutions are
regular throughout the horizon exterior with the differ-
ence between f and h. When n = 0, P has no physical
meaning due to the U(1) gauge symmetry, so there are
two physical hairsM and Q related to the parameters h1
and rh around the horizon. For n ≥ 1 the Proca hair P is
secondary, which reflects the fact that (P,M,Q) depend
on (h1, rh) alone.
The quintic coupling G5(X) = β5(X/M
2
pl)
n does not
lead to regular solutions with A1 6= 0 due to the di-
vergence at h = 1/(2n + 1). For the intrinsic vector-
mode couplings g4(X) = γ4(X/M
2
pl)
n and g5(X) =
(γ5/M
2
pl)(X/M
2
pl)
n with n ≥ 1, there are hairy regular
BH solutions with f 6= h characterized by A1 = 0 and
A1 = ±
√
A20/[(1 + 2n)fh], respectively. The couplings
γ4 and γ5 give rise to corrections to the RN solutions
(2.7), where the near-horizon expansion (3.3) can be ex-
pressed in terms of the two parameters h1 and rh with
a0 = 0. In this case the Proca hair P is dependent on M
and Q at spatial infinity, so it is of the secondary type.
IV. CONCLUSIONS
We have systematically constructed new exact BH so-
lutions under the conditions (2.1) and also obtained a
family of hairy numerical BH solutions with f 6= h for
the power-law models (3.1). For the cubic and quartic
couplings G3(X) = β˜3X
n and G4(X) = β˜4X
n, there ex-
ist non-vanishing A1 branches with the primary Proca
hair with the difference between f and h manifesting
around the horizon. For the intrinsic vector-mode cou-
plings G6(X) = β˜6X
n, g4(X) = γ˜4X
n, g5(X) = γ˜5X
n
with n ≥ 1, there are regular BH solutions (RN solutions
with corrections induced by the couplings) characterized
by the secondary Proca hair P .
Since astronomical observations of BHs have increased
their accuracies, there will be exciting possibilities for
probing deviations from GR in the foreseeable future,
e.g., in the measurements of innermost stable circular or-
bits. GWs emitted from quasi-circular BH binaries can
generally place tight bounds on modified gravitational
theories with large deviations from GR in the regime of
strong gravity [27]. The future GWmeasurements will be
able to measure the Proca charge P through the correc-
tions to the Schwarzschild or RN metrics and the precise
determination of polarizations. The existence of such
a new vector hair will shed new light on the construc-
tion of unified theories connecting gravitational theories
with particle theories. Our analysis in the strong gravity
regime is also complementary to the cosmological anal-
ysis with the late-time acceleration [28] and the solar-
system constraints [29]. The combination of them will
allow us to probe vector-tensor theories in all scales in
astrophysics and cosmology.
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